Abstract. In a recent paper, we studied the interaction between the automorphism group of a graph and its Tutte polynomial. More precisely, we proved that certain symmetries of graphs are clearly reflected by their Tutte polynomials. The purpose of this paper is to extend this study to other graph polynomials. In particular, we prove that if a graph G has a symmetry of prime order p, then its characteristic polynomial, with coefficients in the finite filed Fp, is determined by the characteristic polynomial of its quotient graph G. Similar results are also proved for some generalization of the Tutte polynomial.
Introduction
Let V = {v 1 , . . . , v n } be a finite set. A weight on V is a symmetric function w : V × V −→ Z + ∪ {0}. The pair G = (V, w) is called a weighted graph. In other words, a weighted graph can be seen as a finite graph possibly with multiple edges and loops. In particular, if G is a simple graph in the standard terminology, then the corresponding symmetric function w is defined by w(u, v) = 1 if u and v are adjacent and 0 otherwise. Throughout this paper, wherever no confusion may arise, we will simplify notations and use the term graph instead of weighted graph. If the vertices of G are ordered v 1 , v 2 , . . . , v n , then the adjacency matrix of G, is the n-square matrix A(G) = [w i,j ] where w i,j = w(v i , v j ). In general, since the function w is symmetric, then so is the matrix A(G). The characteristic polynomial of A(G) defined as det(xI n − A(G)) is known to be independent from the order of the vertices. It is denoted hereafter by ϕ G (x). If D(G) = [d i,j ] is the degree matrix of G, which is the diagonal n-square matrix defined by d ii = deg(v i ) = w(v i , v i ), then the Laplacian matrix of G is defined by L(G) = D(G) − A(G). The characteristic polynomial of L(G) is also independent of the ordering of the vertices and is denoted hereafter by ψ G (x). Both polynomials ϕ G (x) and ψ G (x) are well-known graph invariants and the study of their spectra is of central importance in graph theory.
An automorphism of a weighted graph G is a permutation σ of the set of vertices V such that w(σ(u), σ(v)) = w(u, v) for any pair of vertices u and v. The set of all automorphisms of G forms a group denoted here by Aut(G). Let p ≥ 2 be an integer. A graph G is said to be p-periodic if its automorphism group Aut(G) contains an element h of order p. For our purpose, we assume that the action defined by the element h has no fixed vertices, which means that h p = Id and
Given a p-periodic weighted graph G, we define its quotient graph G as the weighted graph (V , w), where V is the quotient set of V under the action of h and w is the weight function on V defined by w(u, v) =
A 3-periodic weighted graph and its quotient are pictured below. Figure 1 . A 3-periodic graph (left) and its quotient graph (right)
In [3] , we studied the Tutte polynomial of p-periodic graphs and proved that certain symmetries of a given graph are reflected by its Tutte polynomial in a clear way. More precisely, we proved that if G is p-periodic, with p an odd prime, then certain coefficients of this two-variable polynomial are null modulo p. It is worth mentioning that the original motivation behind our interest in this question is the study of the quantum invariants of periodic knots. Recall that the Jones polynomial of an alternating link is given by the Tutte polynomial of its Tait graph, [9] . The Tutte polynomial is also related to certain specialization of the HOMFLYPT polynomial as it was proved in [4] . The latter is known to be a good witness of link symmetries, see [1, 2, 7, 11, 12, 14] . The purpose of this paper is to investigate whether the way the Tutte polynomial interacts with graph symmetries extends to other graph polynomials. We study the behavior of characteristic polynomials ϕ and ψ defined above. In addition, we consider the multi-variable graph polynomial U G introduced in [8] . This graph invariant is an interesting generalization of the Tutte polynomial. And the natural question we address here is how does the condition satisfied by Tutte polynomial of a periodic graphs extend to the invariant U G .
Before stating our first theorem, we would like to mention that several results about the characteristic polynomial of graphs with certain symmetries have been obtained earlier, see [6, 13] for instance. In this paper, we look at these polynomials as with coefficients in the finite field of p elements F p . We shall prove the following necessary condition for a graph to be p-periodic.
Theorem 1.1. Let p be an odd prime and G be a p-periodic graph with quotient G. Then
Example 1.2. The Theorem above shows that the coefficient of x k in ϕ G (x) is null modulo p whenever k is not a multiple of p. For the 3-periodic graph in Figure 1 , we have ϕ
The necessary condition given by Theorem 1.1 is clearly satisfied.
However, for the Frucht graph F pictured below, the characteristic polynomial is given by
By considering this polynomial with coefficients reduced modulo p, we can easily see that the graph is not p-periodic for any p odd prime.
A similar necessary condition for a graph to be periodic can be obtained in terms of the characteristic polynomial of the Laplacian matrix.
Theorem 1.3. Let p be an odd prime and G be a p-periodic graph. Then
Notice that for 3-periodic graph in Figure 1 , we have ψ G (x) = x 6 + 24x
which is congruent to x 6 modulo p. Hence, ψ G (x) is divisible by x 3 .
The Characteristic polynomial
In this section, we will prove the congruence relation given in Theorem 1.1. Similar arguments will be used to prove Theorem 1.3. Let G be a p-periodic graph. Then the finite cyclic group of order p acts freely on the set of vertices of G. This set splits into a partition made up of s orbits, where s is the number of vertices of the quotient graph G. Since the action is free and p is prime, then each orbit is made up of exactly p elements. Let us label the vertices of G as v 1 , . . . , v s . Let π be the canonical surjection from V to V . We label the elements of . With respect to this order, the adjacency matrix of G will be a block circulant matrix of the form:
Where A j is the s-square matrix whose (i, k) entry is w(v 
According to [5] , the characteristic polynomial of
the characteristic polynomial of the matrix T k . It is easy to see that T 0 is the adjacency matrix of the quotient
Notice that each term in the product formula is a polynomial on x with coefficients in Z[ζ] while ϕ G (x) belongs to Z[x] since the incidence matrix A(G) is symmetric with integral coefficients. Consider the following homomorphism:
This map is well defined since the sum n i is considered modulo p. Moreover, it extends to a homomorphism between the polynomial rings f p :
. We have clearly
Consequently, we obtain the following congruence modulo p
This proofs Theorem 1.1. 
where ϕ R k (x) denotes the characteristic polynomial of the matrix R k . Using the map f p defined above we get the following congruence modulo p,
Since R 0 = B 0 + · · ·+ B p−1 , then the sum the of entries of each row of R 0 is zero. Hence, 0 is an eigenvalue of R 0 and its characteristic polynomial is divisible by x. Consequently, the polynomial
The weighted graph polynomial
The Tutte polynomial is an isomorphism invariant of graphs that have been introduced in [10] . It is a twovariable polynomial τ G (x, y) with integral coefficients that generalizes the well known chromatic polynomial of graphs. The Tutte polynomial has many interesting applications in different fields such as knot theory and statistical physics. This invariant carries important information about the graph and it can be defined in several ways. The most simple one is recursive and based on the deletion-contraction formula. Let G be a graph and e one of its edges. We denote by G − e the graph obtained from G by deleting edge e. By G/e we denote the graph obtained by identifying the two endpoints of e. The Tutte polynomial can be defined by the following
if e is a bridge
if e is an ordinary edge and the initialization τ En (x, y) = 1, where E n is the graph with n vertices and no edges.
In [3] , we considered the version of the Tutte polynomial defined by setting T G (s, t) = τ G (s + 1, t + 1) and proved that the Tutte polynomial strongly interacts with the automorphism group of the graph. Actually, we proved that if a graph G admits an action of the finite cyclic group Z p which leaves no edge fixed then
where a i,j ≡ 0 modulo p whenever i − j is not congruent to n − 1 modulo p, where n is the number of vertices of the graph.
An interesting generalization of the Tutte polynomial has been introduced in [8] , where the authors define an multi-variable polynomial of vertex-weighted graphs which specializes to the Tutte polynomial. Here, we will only consider the restriction of that invariant to ordinary graphs as defined in Section 5 of [8] . Let G be a graph with vertex set V and edge set E. Let y, x 1 , . . . x n , be commuting indeterminates. Then, U G (x 1 . . . x n , y) denoted for short U G (x, y) is the invariant of graphs defined by the formula:
Where the sum is taken through all subsets of the edge set E of G, n 1 , . . . , n k are the number of vertices of the different components of G|A. Here G|A denotes the restriction of G to A, which is obtained from G by removing all the edges not in A. Finally, r(A) denotes the rank of A defined as r(A) = n − k(G|A), where k(G|A) is the number of connected components of G|A. The Tutte polynomial is a specialization of U G which is given by the following idendity
It is worth mentioning that U G is much stronger invariant than the Tutte polynomial as, in many cases, it distinguishes between pairs of graphs which share the same Tutte polynomial [8] .
Theorem 3.1. Let p be an odd prime, G a p-periodic graph on n vertices and G its quotient graph. Then, the following congruence holds
Proof. Notice that the finite group action on G defines an action on the subsets of E. Moreover, a subset A of E is either invariant by the action or belongs to an orbit made up of p elements. It is clear that if the orbit of subset A is made up of p elements, then the contributions of these elements in the formula defining U G (x, y) add to zero modulo p. Hence, to compute U G (x, y) modulo p, one can only consider subsets A of E which are invariant by the action that E inherits from the action of Z p on G. If A ⊆ E is invariant by the action, then we denote by A, the quotient of A, which is actually a subset of E the set of edges of the quotient graph G.
Obviously, there is a one-to-one correspondence between the subsets of E invariant by the action and the subsets of E. Assume that G|A is connected having k vertices. Then the contribution of
However, the contribution of the subset A in U G is x pk (y − 1) |A|−r(A) if G|A is connected. In the case G|A has p connected components, then each component has k vertices and the contribution of A in the summation formula is x p k (y − 1) |A|−r(A) . Notice that in both cases, the two terms are congruent modulo x p k − x k , x pk − x k and y p − y. If G|A is not connected, then to each component of G|A corresponds either one or p connected components of G|A as it was explained in the previous case. Consequently, the contribution of A in U G is the same as the contribution of A in U G modulo the ideal generated by x p k − x k , x pk − x k and y p − y. This completes the proof.
If we restrict the condition given in Theorem 3.1 to the case of the Tutte polynomial, then we obtain the following congruences which were introduced earlier in [3] .
Corollary 3.2. Let p be an odd prime, G a p-periodic connected graph on n vertices and G its quotient. Then,
(1) T G (s, t) ≡ T G (s, t) modulo p, s p − s and t p − t.
(2) T G (s, t) = a i,j s i t j , where a i,j is null modulo p, whenever i − j is not congruent to n − 1 modulo p.
Proof. The proof of condition (1) is straightforward by setting x i = s, y − 1 = t in the congruence given by Theorem 3.1. The second condition is a consequence of the fact that only periodic sets A are to be considered when we compute U G modulo p. If G|A has k connected components then the term that corresponds to A in the sum formula becomes, after setting x = s and y − 1 = t, s k t |A|−r(A) = s k t |A|−(n−k) . Since |A| is a multiple of p, then the difference between the two powers of s and t is congruent to n modulo p. We conclude using the fact that if G is connected then T G (s, t) = s −1 U G (x i = s, y = t + 1).
